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In the recently developed Nearest-Nodes Finite Element Method (NN-FEM), elements are
mainly used for numerical integration; while shape functions are constructed in a similar
way as in meshless methods. Based on this strategy, NN-FEM inherits major merits from
both the classical Finite Element Method and meshless methods. One of them is that
NN-FEM is nearly not affected by element distortion. So NN-FEM is more efﬁcient than
the classical FEM on dealing with large deformation problems. Nevertheless, NN-FEM still
has a requirement on ﬁnite element meshes, that is, elements in a mesh are required not to
overlap or penetrate to each other, to avoid difﬁculty in numerical integration. To eliminate
overlapped elements, NN-FEM is supplemented with an algorithm for updating element
connectivity. With this supplement, NN-FEM is able to deal with extremely large deforma-
tion. In updating element connectivity, element nodes are kept not changed and all infor-
mation associated with nodes are not touched. Therefore, there is no need to transfer
solution data, and error introduced by solution transfer is avoided.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Large deformation, especially extremely large deformation such as those occurring in metal forming and forging, has
been a challenge for numerical simulation. For the classical Finite Element Method (FEM), in spite of an ideal initial
mesh, the quality of elements could deteriorate, causing severely distorted elements. Further progress of simulation is
meaningless or even impossible without taking care of those distorted or degenerated elements. There are basically
two ways to eliminate unwanted elements: one is by local mesh modiﬁcation Luo et al. (2003), the other is by reme-
shing. The former needs a robust and reliable algorithm that is workable for all types of elements and under any situ-
ation. Such an algorithm is still not available; the later is, as well-known, very time-consuming and error is introduced
during transferring solution data between meshes. Element distortion due to large deformation has been a major obsta-
cle for the classical FEM. In recent years, two more efﬁcient methods are available for dealing with large deformation.
One is meshless or meshfree methods, e.g., Babuska and Melenk (1997), Belytschko et al. (1996, 1994), Gingold and
Monaghan (1977), Hao et al. (2002), Krongauz and Belytschko (1996), Li and Liu (1996), Liszka et al. (1996), Liu
(2002, 2003), Liu et al. (2004, 1995, 1997), Lu et al. (1994), Melenk and Babuška (1996), Nayroles et al. (1992) among
many others, the other is the Finite Element Method based on Arbitrary Lagrangian–Eulerian formulation Boman et al.
(2006), Fullsack (1995), Gadala (2004), Ghosh and Kikuchi (1991), Ghosh (1992), Mosler and Oritz (2006), Movahhedy
et al. (2000), Wang and Gadala (1997), Yamada and Kikuchi (1993a,b), or ALE formulation in short. An even more efﬁ-
cient way is the combination of the two methods, Ponthot and Belytschko (1998).. All rights reserved.
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meshless method, cells for numerical integration and nodes for constructing shape functions are completely independent.
Connectivity between nodes is not deﬁned or loosely deﬁned. Meshless methods are thus more efﬁcient in dealing with
moderate deformation, geometric discontinuities, etc. Nevertheless, meshless methods also have their own disadvantages.
Most of these disadvantages are related to ‘meshless’ – no connectivity between nodes. In a meshless method, adjacency
information between nodes is needed in constructing shape functions and in adaptation, but it is not deﬁned or stored.
Although greater ﬂexibility in constructing shape functions is obtained, it is in the price of non-trivial extra computational
time spent in looking for neighbor nodes. The amount of extra computational time is even not bounded within a linear order
of total nodal number. There are also some other issues in meshless methods to be resolved. For example, how to optimally
put nodes onto the boundary of a complex geometric domain to reduce error from geometry approximation is still an open
question. As the nodes and cells are independent to each other, another issue is how to make the size of integration cells
consistent with the density of node distribution. In simulating large deformation such as metal forming, two material par-
ticles that are near to each other at one time instant may be far apart from each other at the next time instant. Therefore,
meshless methods have the same issue as in the FEM, they need to update adjacency information between nodes from time
to time, to construct high-quality shape functions. An illustrative scenario is given in Fig. 1. Obviously, after experiencing a
large deformation, the nodes in the deformed inﬂuence domain are no longer the best ones for constructing high quality
shape functions, the inﬂuence domain need be updated.
The Arbitrary Lagrangian–Eulerian (ALE) formulation is another alternative way for dealing with large deformation. In
ALE, the nodes in a ﬁnite element mesh are neither attached onto material particles nor ﬁxed in space, but continuously
move in such a way so that element shapes are always optimal. In principle ALE is very attractive. It can degenerate back
to pure Lagrangian or Eulerian formulation. Therefore, ALE can be considered as a uniﬁcation of Lagrangian and Eulerian For-
mulation. ALE has been successfully applied to solve solid–ﬂuid interaction problems Kennedy and Belytschko (1981), Soria
and Casadei (1997). In recent years, ALE has also been applied to address large formation in solid mechanics, e.g., metal form-
ing, metal cutting, etc., Boman et al. (2006), Gadala (2004), Movahhedy et al. (2000), Rakotomalala and Joyot (1993), Wang
and Gadala (1997). Nevertheless, to efﬁciently deal with large deformation in solid mechanics, there are still several issues to
be resolved. For some of them, more effective solutions are still to be found. Theoretically, arbitrary mesh motion in ALE is an
advantage, its implementation is very challenging Gadala and Wang (1998), Gadala et al. (2002). In ALE, a mechanism has to
be implemented to assign velocity to all nodes in the mesh, so that every element is always in good shape during the process
of material deformation. To that end, in a multi-step analysis, information about material deformation (displacements,
strains, etc.) at the end of a following step has to be known a priori, while the deformation is exactly what to be found. This
is a dilemma and more efﬁcient solutions are being explored Gadala and Wang (1998), Gadala et al. (2002). For the relative
motion between mesh and material particles, a convective term exits in ALE. The convective term results in an unsymmet-
rical global stiffness matrix and a special solver is needed. In addition, two sets of velocities, material particles’ and mesh’s,
are involved in ALE. More memory is thus needed for storing these quantities. Frequent solution transfer between material
particles and mesh grid can also introduce errors. In the implementation of ALE, it is very difﬁcult to ﬁnd an efﬁcient way to
trace material history. History of materials is a necessary component in simulating large deformation problems such as metal
forging.
In Luo (accepted for publication), a new ﬁnite element method called Nearest-Node Finite Element Method (NN-FEM) was
proposed. In NN-FEM, ﬁnite elements are used mainly for numerical integration; while shape functions are constructed in a
similar way as in meshless methods, i.e., by using a set of nodes that are the nearest to a concerned quadrature point. Some of
the nodes may be from adjacent elements. With the above strategy, NN-FEM inherits major merits from both the classical
FEM and meshless methods. In NN-FEM, any higher order shape functions can be constructed over a simplex ﬁnite element
mesh consisting of only triangles or tetrahedrons. Therefore, NN-FEM can take advantage of various well-developed algo-
rithms for generating and dealing with simplex ﬁnite element meshes. Another attractive feature of NN-FEM is that analysis
results are nearly not affected by element distortion. Nevertheless, NN-FEM still has a requirement on ﬁnite element meshes,
that is, elements in a mesh are required not to overlap or penetrate to each other, to avoid difﬁculty in numerical integration.
Therefore, NN-FEM may still have difﬁculty in dealing with extremely large deformation, as extremely large deformationAn Influence Domain
Nodes in influence domain
Deformed influence domain
Fig. 1. Effect of large deformation. (a) Initial nodal conﬁguration and an inﬂuence domain; (b) deformed conﬁguration and the inﬂuence domain.
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eliminated by supplementing NN-FEM with an algorithm for correcting element connectivity. The main idea is that, if some
elements are found overlapped to each other, all nodes are kept unchanged, while connectivity between nodes are re-estab-
lished globally or modiﬁed locally, to remove those overlapped elements. With this strategy, NN-FEM can deal with extre-
mely large deformation. The layout of this paper is as follows: Lagrangian and Eulerian formulations are brieﬂy described and
compared in Section 2; formulation of NN-FEM is provided in Section 3; A method for constructing shape functions is pre-
sented in Section 4; Element-connectivity updating algorithm is proposed in Section 5; Numerical examples are presented in
Section 6 and concluding remarks are given in Section 7.
2. Comparison of Lagrangian and Eulerian formulation
There are basically two approaches for describing kinematics and deformation of continuum materials: Lagrangian and
Eulerian formulation. The essential difference between the two formulations is that, in Lagrangian formulation, the obser-
ver’s interest is focused on the kinematics of individual material particles, – the behavior of individual particles is traced;
while in Eulerian formulation, the observer’s concern is what is happening in a spatial region, – particles outside of that re-
gion are not important. For completeness, Lagrangian and Eulerian formulations are brieﬂy summarized in this section. For
more information one can refer to Mase (1969). Their pros and cons are also discussed. Based on the discussion, it can be
seen that difﬁculties of the classical FEM in dealing with large deformation are not due to Lagrangian formulation itself,
but from its implementation.
In continuum mechanics, usually two sets of coordinates, material coordinate (X), and spatial coordinate (x), are used to
describe positions of material particles in, respectively, undeformed (or initial) and deformed (or present) conﬁguration.
A rectangular Cartesian coordinate system is adopted in the following description. A representative particle occupying posi-
tion X in the undeformed conﬁguration has a position x in the deformed conﬁguration at time instant t, i.e.,x ¼ xðX; tÞ or x ¼ xðX1;X2;X3; tÞ ð1Þ
Eq. (1) may be interpreted as a mapping from undeformed to deformed conﬁguration. Eq. (1) is the starting point for Lagrang-
ian formulation.
On the other hand, if the current position x of a representative particle in deformed conﬁguration is provided, the original
position of the particle in the undeformed conﬁguration can be traced back byX ¼ Xðx; tÞ or X ¼ Xðx1; x2; x3; tÞ ð2Þ
Eq. (2) is the base of Eulerian formulation.
Based on Lagrangian formulation, the variation of the square length is calculated asðdxÞ2  ðdXÞ2 ¼ oxk
oXi
oxk
oXj
 dij
 
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ð4ÞBased on Eulerian formulation, the variation of the same square length becomesðdxÞ2  ðdXÞ2 ¼ dij  oXkoxi
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ð6ÞStrains deﬁned in Eqs. (4) and (6) are then used in a proper variational principle, e.g., the principle of virtual work, to
establish ﬁnite element equations. From the strain deﬁnitions given in Eqs. (4) and (6), it can be seen that, in principle,
both Lagrangian and Eulerian formulation are able to deal with large deformation. Nevertheless, for the basic difference
mentioned at the beginning of this section, and expressed in Eqs. (1) and (2), Lagrangian formulation is more convenient
for analyzing solid mechanics problems, and Eulerian formulation is more suitable for solving ﬂuid mechanics problems.
In solid mechanics, the development of stresses at particular locations and shape change of continuum body are the ma-
jor concerns. By attaching element nodes to material particles, Lagrangian formulation can efﬁciently address the above
mentioned concerns. While in ﬂuid mechanics, the behavior of ﬂuid passing through a control volume and the effects of
ﬂuid on the control volume are important. Therefore, in a typical implementation of Eulerian formulation, the control
volume is represented by a ﬁnite element mesh. Physical quantities such as velocity, acceleration, etc., are studied at
particular spatial points when material ﬂow passes through the control volume. For its basic assumptions, Eulerian for-
mulation has, in principle, difﬁculties in tracing material history and development of material free boundary. The abil-
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ics, e.g., metal forming, metal cutting, etc. It is true that in classical FEM based on Lagrangian formulation, distortion of
elements due to material deformation brings in difﬁculties to simulations. However, those difﬁculties are not from
Lagrangian formulation itself, but from its implementation. One good example is meshless methods. Although most
meshless methods are also based on Lagrangian formulation, they are much more efﬁcient than the classical FEM in sim-
ulating large deformation. NN-FEM can provide an even more efﬁcient solution, as NN-FEM has the major merits from
both of the FEM and meshless methods.3. Nearest-Nodes Finite Element Method
The issues related to element distortion in the classical FEM arise from the restriction that only nodes belonging
to an element are used for constructing shape functions of that element. One big advantage of this restriction is that
with the aid of normalized element coordinates, shape functions of a speciﬁc element type can be pre-deﬁned. There-
fore, there is no need to solve a local problem. Nevertheless there is also a big disadvantage arising from this restric-
tion. If the shape of an element is distorted, the nodes of that element are also at unfavorable positions for
constructing high quality shape functions. To obtain high quality shape functions, all elements in a mesh must be
in good shape.
In the NN-FEM proposed in Luo (accepted for publication), a ﬁnite element is used mainly for numerical integration, while
shape functions are constructed in a similar way as in meshless methods, i.e., by using a set of nodes that are the nearest to a
concerned quadrature point. The procedure of NN-FEM is described in the following.
LetX be an open domain bounded by C, and {Xi (i = 1,2, . . .,N)} be a subdivision ofX, representing N ﬁnite elements;Xi is
the ith element; Xi \Xj = ; (if i 6¼ j) and X ¼ [Ni¼1Xi. The total strain energy stored in X is obtained by summing up
contributions from all the elements,P ¼
XN
i¼1
pi ð7Þwhere pi is the strain energy stored in element ipi ¼
Z
Xi
eiðxÞdXi ði ¼ 1;2; . . . ;NÞ ð8ÞIn Eq. (8), ei(x) is the strain energy density and it is a function of spatial position x.
The integration in Eq. (8) is usually conducted numerically, i.e.,pi ¼ Ai
XPi
p¼1
wpeiðxpÞ ð9Þwhere Ai is the area or volume of element i; Pi the number of quadrature points over element i; ei(xp) the value of ei at p-th
quadrature point and wp is the numerical integration weight.
The strain energy density, ei(x), is a scalar product of the stress tensor and the strain tensor; it contains the ﬁrst deriva-
tives of displacements. After introducing shape functions, the displacements are represented by nodal unknowns, and so is
the strain energy density. After numerical integration is conducted, the strain energy in an element is also represented by
nodal unknowns. The Hessian matrix of the strain energy with respect to nodal unknowns is the element stiffness matrix.
Therefore, in calculating an element stiffness matrix, what is essentially needed is the estimations of displacements and their
derivatives at quadrature points over the element. Based on interpolation theory, with a given set of nodes and correspond-
ing function values at the nodes, the best estimation for the function at a concerned point is obtained by interpolation using a
subset of nodes that are the nearest to that point.
3.1. Strategy for constructing shape functions
With the above deduction, we take a different strategy for constructing shape functions in NN-FEM. Unlike in the classical
FEM, where shape functions are constructed once for a whole element only using nodes belonging to that element, in the
proposed NN-FEM, shape functions are constructed for each quadrature point, using a set of nodes that are the nearest to
the concerned quadrature point. Some of those nodes may not belong to the element whose element stiffness matrix is being
computed. A typical scenario is shown in Fig. 2, where an element stiffness matrix for the shaded element is being calculated.
For the quadrature point denoted by ‘+’, a number of nearest nodes, marked as dark circles in the ﬁgure, are selected for con-
structing shape functions. For the selected nodes, not all of them belong to the shaded element; and one node of the shaded
element is not included, as it is not near enough to the quadrature point. For the next quadrature point, the same procedure
is repeated and the selected nodes may or may not be the same as the previous ones. Numerical investigations by Luo (sub-
mitted for publication-a) showed that the quality of shape functions obtained in the above way is mainly determined by the
locations of selected nodes; it has very little to do with element shape.
+Nodes used in constructing
shape functions at the 
integration point
Integration point
Fig. 2. Nearest-Nodes FEM.
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One step in a FEM procedure is to assemble element stiffness matrices to the global stiffness matrix. In the classical FEM,
the assembling is actually done in two steps. First, contributions from all quadrature points over an element are put together
to form the element stiffness matrix; and then the element stiffness matrix is assembled into the global stiffness matrix. For
the NN-FEM, although the same procedure can be followed, a more efﬁcient way is to directly assemble contribution from a
quadrature point into the global stiffness matrix. This idea is explained in the following. The stain energy contribution from
the p-th quadrature point in i-th element is denoted pip, and the corresponding contribution to the global stiffness matrix isK ip ¼ o
2pip
ou2ip
ð10Þwhere uip is a vector consisting of nodal unknowns from nodes involved in constructing the shape functions. The entry indi-
ces of Kip in the global stiffness matrix are given by the corresponding degree-of-freedom assigned to the involved nodes.
3.3. Searching nearest nodes by element adjacency
With nodal connectivity deﬁned, search of the nearest nodes for a concerned quadrature point in NN-FEM is much easier
than in a meshless method. Nevertheless, in a typical implementation of the classical FEM, only an element-node relation is
deﬁned, that is, if provided with an element label, nodes belonging to that element can be easily extracted. However, in NN-
FEM, some of the nodes selected for constructing shape functions may be from adjacent elements, cf Fig. 2. Certainly, the
nodes from adjacent elements can be found by traversing over all elements, but that is obviously not efﬁcient. A more efﬁ-
cient way is to expand the deﬁnition of nodal connectivity to include element adjacency information. An advanced mesh
database such as the Algorithm Oriented Mesh Database (AOMD) Remacle and Shephard (2003) can provide any wanted
information about element adjacency and it is deﬁnitely workable. For NN-FEM, only a simpliﬁed version is needed. What
is additionally needed in NN-FEM is a node-element relation, that is, if a node is picked up, all elements connected to this
node can be extracted. If the node-element relation is deﬁned, any number of nodes from adjacent elements can be quickly
found by alternately applying the element-node and node-element relations. This procedure is illustrated in Fig. 3 and de-
scribed in the following.
(1) Starting for element bEi, where the currently concerned quadrature point, xp, is located, xp 2 bEi. The quadrature point is
labeled as ‘x’ in Fig. 3.
(2) Apply element-node relation to extract all nodes belonging to element bEi. The node set is denotedbNi ¼ fnjðj ¼ 1;2;    ;NiÞ;nj 2 bEig, where nj and Ni are, respectively, the j-th node and the total number of nodes in ele-
ment bEi.
(3) For each node nj in bNi, use node-element relation to ﬁnd out all elements connected to it; The common set of elements
connecting to all nodes in bNi is represented by bA1i ¼ fbEkðk ¼ 1;2; . . . ;AiÞ; bEk $ bNig. Elements collected in bA1i are in the
ﬁrst layer adjacency to element bEi.
(4) For each element bEk in bA1i , repeat Step (2); All nodes in the ﬁrst layer adjacency are thus identiﬁed.
(5) By repeating Steps (2, 3, and 4), nodes in second and higher layer adjacency can be identiﬁed.
Fig. 3. Element adjacency.
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In principle, most techniques used in meshless methods for constructing shape functions can be modiﬁed and ap-
plied in NN-FEM. In this paper, a local multivariate Lagrange interpolation method recently developed by Luo (in press)
is adopted. The local multivariate Lagrange interpolation method has the following attractive features: it can be used
to interpolate irregularly distributed data points; it does not need to solve local problems; if used for constructing
shape functions, the obtained shape functions satisfy the Kronecker delta condition, and they have the re-producing
properties.
In the following, the local multivariate Lagrange interpolation is brieﬂy described. Let f(X) be a scalar function of vector X.
Vector X consists of d variables deﬁned over domain X 2 Rd. For d = 1, X = [x]; d = 2, X = [x,y]T; d = 3, X = [x,y,z]T; etc. The set
P = {(X1, f1), (X2, f2), . . . (XN, fN)} contains N data points representatively scattered over domain X. An approximate function
~f ðXÞ in polynomial form is to be constructed around an arbitrary evaluation point X. To this end, n data points, p = {(X1,
f1), (X2, f2),   , (Xn, fn)}, are selected from P, p 2 P, Fig. 4. These data points form a patch and the number n is called patch size.
The distance between the evaluation point and the farthest node in the patch is the radius of the patch and denoted r. Patch
size is determined by the desired polynomial order. The n data points in a patch are so selected that they are the nearest ones
to the concerned evaluation point. To constructed the multivariate approximate polynomial, the conventional Lagrange basis
polynomials are ﬁrst transformed into‘iðXÞ ¼
Yn
l¼1
l 6¼i
ðX  XlÞT  ðXi  XlÞ
ðXi  XlÞT  ðXi  XlÞ
; ði ¼ 1;2; . . . ;nÞ ð11Þx
Selected nodes
Evaluation point
the evaluation point
Farthest node from
Fig. 4. Selected nodes for constructing Lagrange shape functions.
5080 Y. Luo / International Journal of Solids and Structures 45 (2008) 5074–5087They are called multivariate Lagrange shape functions in the following discussion. It can be easily checked that they will
degenerate back to the conventional Lagrange basis polynomials if applied to univariate functions. The transformed Lagrange
shape functions still satisfy the Kronecker delta condition, but the reproducing properties are lost. To recover the reproduc-
ing properties, the Lagrange shape functions in Eq. (11) are normalized and a set of new Lagrange shape functions are
obtained/iðXÞ ¼
‘iðXÞPn
l¼1‘lðXÞ
¼ ‘iðXÞ
S
; ði ¼ 1;2; . . . ;nÞ ð12ÞwhereS ¼
Xn
l¼1
‘lðXÞ ð13ÞWith the Lagrange shape functions in Eq. (12), the approximate polynomial is constructed asf ðXÞ  ~f ðXÞ ¼
Xn
i¼1
/iðXÞfi ð14ÞThe approximate derivatives of f(X) are obtained by differentiating the polynomial in Eq. (14), i.e.,of ðXÞ
oa  o
~f ðXÞ
oa ¼
Pn
i¼1
o/iðXÞ
oa fi
ða ¼ x; y; zÞ
8<
: ð15ÞFrom Eq. (12), the ﬁrst-order derivatives of the Lagrange shape functions are calculated aso/iðXÞ
oa
¼ 1
S
o‘iðXÞ
oa
 ‘iðXÞ
S2
S;a ða ¼ x; y; zÞ ð16ÞwhereS;a ¼
Xn
l¼1
o‘lðXÞ
oa
ð17Þando‘iðXÞ
oa ¼
Pn
j¼1
j6¼i
Qn
l¼1
l 6¼i;j
ðXXlÞT ðXiXlÞ
ðXiXlÞT ðXiXlÞ
0
B@
1
CA aiajjjXiXj jj2 ;
jjXi  Xjjj2 ¼ ðXi  XjÞT  ðXi  XjÞ;
ðai ¼ xi; yi; ziÞ; ðaj ¼ xj; yj; zjÞ
8>>>><
>>>>>:
ð18ÞHigher order derivatives can be obtained by the chain rule, but in this paper we only need shape functions and their ﬁrst-
order derivatives.5. Delaunay-based algorithm for updating element connectivity
As nearest nodes are always selected to construct shape functions, the quality of shape functions in NN-FEM is mainly
determined by node positions, while element shape has very little effect. Therefore, NN-FEM is nearly not affected by ele-
ment distortion. However, if elements are overlapped or penetrate to each other, the overlapped region will be re-calculated
in numerical integration and error is thus introduced. This problem can be resolved by re-establishing or modifying element
connectivity. The main idea is that if elements are found overlapped to each other, element nodes are kept unchanged, con-
nections between these nodes are modiﬁed so that overlapped or penetrated elements are removed. The corresponding pro-
cedure is illustrated in Fig. 5. Fig. 5(a) shows two elements overlapped to each other; in Fig. 5(b) old connectivity (element
edges) are removed, and nodes are kept; in Fig. 5(c) new connectivity are established and overlapped elements are elimi-
nated. By keeping nodes unchanged, two major advantages are obtained. First the time spent on laying down nodes in mesh
re-generation is saved; second, as nodes are kept unchanged, node-associated information such as nodal displacements are
also unchanged. Therefore computational time used for transferring solution data between meshes is saved, and further-
more, no error is introduced from data transfer. These advantages also make the procedure of updating element connectivity
different from a general mesh re-generation process. The computational work involved in the former is much less. Although
there are alternative ways to modify element connectivity, Delaunay triangulation is selected here. Delaunay triangulation is
a popular and well developed algorithm for handling simplex meshes. It is also robust and reliable. Various computer codes
for Delaunay triangulation are readily available.
Fig. 5. Modiﬁcation of element connectivity.
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main X that is deﬁned in a d-dimensional space Rd. For each node Pi, a neighborhood surrounding the node is deﬁned byVi ¼ fp : jjp Pijj 6 jjp Pjjj; j 6¼ ig ð19Þ
where p represents a generic point. Vi is called the Voronoi cell or polyhedron of Pi. The collection of all Voronoi cells {Vi}
covers the whole domain X and it is known as Voronoi tessellation of domain X. Delaunay triangulation is obtained by con-
necting nodes that have neighboring Voronoi cells. For its robustness and higher efﬁciency compared with other triangula-
tion algorithms, Delaunay triangulation has been widely applied in mesh generation Du and Wang (2006).
The above described standard Delaunay triangulation is workable only for convex domains. In simulating large deforma-
tion, material body may deformed into a non-convex shape due to boundary and load effects. The constrained Delaunay tri-
angulation (CDT) Cline and Renka (1990), Borouchaki and George (1997), Du and Wang (2004), Du and Wang (2006) is
needed for treating non-convex material domain. CDT is based on the standard Delaunay triangulation. An extra step is taken
to retrieve the missing boundaries of a non-convex domain. There are basically two approaches available for retrieving miss-
ing boundaries: conforming and constrained boundary recovery. The main difference between them is that, in conforming
boundary recovery, additional nodes are inserted on missing edges or faces to improve element shape; while in constrained
boundary recovery, no additional nodes are inserted. Constrained boundary recovery is selected for the following two rea-
sons. First, numerical experiments Du and Wang (2004) show that constrained boundary recovery is more robust; and sec-
ond, NN-FEM has a lower requirement on element shape than the classical FEM. Additional nodes should be inserted based
on mesh adaptation.
Depending on a speciﬁc situation, element connectivity can be modiﬁed in two ways: globally and locally. If the number
of overlapped elements is large and they scatter over the whole problem domain, a global modiﬁcation of element connec-
tivity is needed. On the other hand, if only a few elements are overlapped and they only affect a small region, then a local
modiﬁcation is more efﬁcient. To locally modify element connectivity, a minimal cavity that can just enclose all the over-
lapped elements is ﬁrst formed. Then the constrained Delaunay triangulation is applied to the cavity.
For a ﬁnite element mesh consisting of only simplexes, triangle elements in 2D and tetrahedron elements in 3D, over-
lapped elements can be identiﬁed by any of the following criteria:
 If node i does not belong to element J, but it is within element J, then element J is overlapped with elements connected to
node i.
 If the sum area of several neighboring elements is larger than the area of the cavity formed by the elements, then the ele-
ments are overlapped.
 If the center of an element is found within one of its neighbor elements, the two elements are overlapped.
Although the above criteria are stated for 2D cases, they are also applicable to 3D problems. The only change is to replace
area with volume. More criteria can be added into the above list for identifying overlapped elements.
6. Numerical examples
In this section, numerical examples are presented to demonstrate the properties of NN-FEM and to show the capability of
NN-FEM equipped with algorithm for updating element connectivity to deal with extremely large deformation. For simplic-
ity, all materials are assumed super-elastic, meaning that no material fracture occurs in simulation.
6.1. Convergence of NN-FEM
Convergence of the proposed NN-FEM was studied by a benchmark problem. A cantilever beam under an end shear force,
Fig. 6, was analyzed as a plane stress problem. The beam has the following geometric and material parameters: length L = 10,
2b
L
Fig. 6. A cantilever beam under shear force.
5082 Y. Luo / International Journal of Solids and Structures 45 (2008) 5074–5087height 2b = 2, thickness t = 1, Elasticity modulus E = 1000.0, Poisson’s ratio m = 0.3. The parameters have consistent units. An
initial uniform mesh was progressively and uniformly reﬁned.
The obtained results are plotted in Fig. 7. For comparison, results from the FEM and Element-Free Galerkin (EFG) method
are also displayed. The FEM results were produced using the commercial software ANSYS. Element PLANE82 from the ANSYS
element library was used for the calculation. PLANE82 is a quadratic triangle element with six element nodes. A fair base was
tried for the comparison. That is, for all the compared methods they have the same order of shape functions, a similar num-
ber of total nodes, etc. Nevertheless, as a weight function is usually used in constructing shape functions in the EFG method,
the shape functions actually have a higher order than that speciﬁed by the base order. From the obtained results, it can be
observed that compared with the EFG method, the proposed NN-FEM has a similar convergence rate.
6.1.1. Effects of mesh distortion
Insensitiveness to element distortion is one big advantage of the proposed NN-FEM. This advantage was veriﬁed by spe-
cially devised meshes. The cantilever beam in Fig. 6 was re-analyzed with the two meshes shown in Fig. 8(a) and (b). The two
meshes have the same number of nodes, and these nodes have exactly the same coordinates in the two meshes. Mesh (a) is a
regular mesh, all elements have a good shape; While some elements in mesh (b) are severely distorted, their shapes are ex-
tremely ﬂat and the three element nodes are nearly on the same straight line. The obtained results are given in Table 1. It can
be seen that differences between results yielded by mesh (a) and mesh (b) are quite small. The slight differences between the
results are due to that the positions of quadrature points are different in the two meshes. The results demonstrate that NN-
FEM is nearly not affected by element distortion.
6.2. Dealing with extremely large deformation
Two examples are presented in this subsection to demonstrate the capability of NN-FEM in dealing with extremely large
deformation by updating element connectivity. The ﬁrst example is the simulation of penetration, Fig. 9. A square rubber pad
is ﬁxed on its left side and to be penetrated by a needle that is simulated as a point load, Fig. 9(a). The rubber has dimensions
2  2  0.1, Young’s modulus E = 1000.0 and Poisson’s ratio m = 0.3. The penetration process was simulated as a plane stress
problem. An unstructured coarse mesh shown in Fig. 9(b) was used in the simulation. One deformed conﬁguration is plotted
in Fig. 10(a). From the ﬁgure it can be observed that the needle tip has penetrated through several elements, and resulted in0 200 400 600 800 1000 1200 1400 1600
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Fig. 8. Regular and distorted meshes (a) regular mesh (b) distorted mesh.
Table 1
Transverse displacement at the cross-section center of the loaded end
Polynomial order 1 2
Regular mesh (a) 0.330582 0.516493
Distorted mesh (b) 0.327921 0.516413
Analytical solution (beam) 0.516540
Fig. 9. Penetration.
Fig. 10. Updating element connectivity to remove overlapped elements.
Y. Luo / International Journal of Solids and Structures 45 (2008) 5074–5087 5083overlapped elements. As the initial mesh is not symmetric with respect to the action axis of penetrating force, the deformed
conﬁguration is not symmetric either. As material is not really penetrated, the above phenomenon arises from the inability of
a coarse ﬁnite element mesh in capturing local large deformation gradient. If a ﬁner mesh is employed, the situation can be
improved, but overlapped elements still exist. It must be pointed out that the element overlap (or element penetration)
shown in Fig. 10(a) is purely a numerical phenomenon. In real physical penetration, if the material is super-elastic and
not penetrated through by the needle, the material lines represented by the element edges that are across the deformed
boundaries should be curved lines going around the tip of the needle. Therefore, if the mesh is not updated, the material
volume is not conserved and spurious strain energy will be introduced.
To be able to conduct the next step of analysis, the overlapped elements must be removed. To that end, old element edges
are taken away, nodes and the deformed boundary are kept, Fig. 10(b). Then, constrained Delaunay triangulation is applied to
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Fig. 11. Penetration force vs penetration depth.
5084 Y. Luo / International Journal of Solids and Structures 45 (2008) 5074–5087re-establish connections between those nodes, and a new ﬁnite element mesh is obtained, Fig. 10(c). As nodes are not chan-
ged, solution data from last step of analysis are not touched, and there is no need to transfer solution data. Although the
quality of the new mesh is low for the classical FEM, it is sufﬁcient for NN-FEM. To further improve accuracy, a mesh adap-
tation procedure can be adopted. Two curves of the penetration force vs. the penetration depth are plotted in Fig. 11. One is
from NN-FEM, the other is by the conventional FEM using triangle elements. The two methods produced very similar results
for small deformations when element distortion is not severe. When the deformation is larger, difference between the results
is also more obvious. At one loading point, the conventional FEM could not be able to continue because the Jacobian deter-
minant is negative due to overlapped or penetrated elements. With the proposed algorithm for updating element connec-
tivity, NN-FEM does not have the above issue.
The second example is stamping. A rigid die is to be pressed into a workpiece that is made of super-elastic material,
Fig. 12(a). The workpiece has dimensions 4  2  2, Young’s modulus E = 1000.0, and Poisson’s ration m = 0.25. The stamping
process was simulated as a plane strain problem. In this example, a ﬁne structured mesh was used, Fig. 12(b). For the sym-
metry in the structure, the loads, and the mesh, only the right-half workpiece was simulated. One deformed conﬁguration of
the workpiece is displayed in Fig. 13(a).
Due to large deformation gradient in material close to the die corner, elements may be degenerated there. To have a closer
look, a zoom-in picture of that part is shown in Fig. 13(b). Four elements are found overlapped at the corner. To eliminate the
degenerated elements, the same procedure as in the ﬁrst example is repeated here. Fig. 14 shows the nodes and deformed
problem boundary after removing old element edges. A new ﬁnite element mesh obtained by applying the constrained Del-
aunay triangulation is given in Fig. 15(a). From the zoom-in picture, Fig. 15(b), it can be seen that overlapped elements are
removed. The variations of stamping force vs. die vertical displacement are displayed in Fig. 16. The two curves were ob-
tained, respectively, by NN-FEM and the conventional FEM. The solution processes were controlled by die vertical displace-
ment. Very similar observations to those in the penetration simulation can be made from the results. Once again, simulation
with the conventional FEM could not be continued when the deformation was large and element distortion was severe. The
distribution of effective stress at the end of one load step is shown in Fig. 17.
As the overlapped elements most likely appear only in the corner area and the rest of the domain is not affected, the mesh
can be locally modiﬁed. The process is shown in Fig. 18. Overlapped elements are identiﬁed using the criteria listed at the
end of Section 5, and shown in Fig. 18(a). A minimal cavity enclosing the overlapped element are formed by applying the
element-node and node-element relations; element connectivity within the cavity are removed and nodes are kept,
Fig. 18(b). Constrained Delaunay triangulation is applied to the nodes in the cavity and a new ﬁnite element mesh is ob-
tained, Fig. 18(c). Obviously, local modiﬁcation of element connectivity is much more efﬁcient.
7. Concluding remarks
In the Nearest-Nodes Finite Element Method (NN-FEM), ﬁnite elements are used mainly for numerical integration; while
shape functions are constructed in a similar way as in meshless methods. Finite elements also provide adjacency information
for speeding up node searching in constructing shape functions. To construct shape functions at a quadrature point, a set of
nodes that are the nearest to the point are selected; some of the nodes may be from neighbor elements. With the above strat-
egy, NN-FEM inherits the major merits from both the classical Finite Element Method and newly emerged meshless methods.
Fig. 12. Stamping.
Fig. 13. Deformed conﬁguration and local zoom-in.
Fig. 14. Nodes and deformed problem domain.
Fig. 15. New mesh and zoom-in of the corner.
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the classical FEM in dealingwith large deformation problems. Theminimum requirement of NN-FEMon a ﬁnite elementmesh
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Fig. 18. Local modiﬁcation of element connectivity.
5086 Y. Luo / International Journal of Solids and Structures 45 (2008) 5074–5087is that elements do not overlap or penetrate to each other, to avoid difﬁculty in numerical integration. To eliminate overlapped
elements, NN-FEM is supplemented with an algorithm for updating element connectivity. With this supplement, NN-FEM is
able to deal with extremely large deformation. In modifying element connectivity, element nodes are not changed. Therefore,
there is no need to transfer solution data, and error introduced by solution transfer is also avoided.
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